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Trigonometry

‘ Trigonometric

.. Identities
INTRODUCTION

Recall that an algebraic equation is called an nlg;cbmi.c idt‘-l.\“l)’ it “‘ s “fll(“ for all valyeg
the variable(s) involved. Similarly, an equation involving ll'gfl"‘(""‘tt|l 'C-‘T'«l'hn_\‘ of an ange i«
called a trigonometric identity if it is true for all values of the ang e(s) involved,

In this chapter, we shall prove the basic t
prove some more trigonometric identities. We'
expressions by using the basic trigonometri
review trigonometric ratios.

rigonomctric identities and use them further
5 . ) . 1))

shall also simplify some algebraic trigonomety;
: tric

¢ identities. However, before doing so let y
g S0, .

18.1 TRIGONOMETRIC RATIOS
Let ABC be a right angled triangle right angled at B ic .AB = 90°.. The side AC is i
hypotenuse and ZA is an acute angle. Side BC is called side opposite to ZA (or height)
and side AB is called side adjacent to ZA (or base).

The trigonometric ratios of acute ZA of a right angled triangle ABC right angled at B
are defined as follows:

side opposite to ZA _ BC

ine A = .
3 hypotenuse AC -
. side adjacent to ZA _ AB
cosine A = =— y
hypotenuse AC 5 15
N (&<
0 \\\\ [
. o Q 123
tangent A = S{de opPosxte to ZA _BC & 3
side adjacent to ZA  AB | &
; i
cotangent A = s'1de ad)ace.nt to ZA _ AB \ ]
side opposite to ZA  BC A Side adjacent B
to ZA
A N hypotenuse  _ AC

side adjacent to ZA ‘AB

hypotenuse _AC
i side opposite to ZA  BC ’
The ﬁigqnomQMC ratios defined above are abbreviated as sin A, cos A, tan A, cot A
A and cosec A respectively.
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N el
| qws 2 right angled triangle right angled at B i, _p ‘
| ’ h e, = 9(°

zestIn reference to acute /A, the side A] » the side Ac is it
its

ten g : ) B is called p
p° d the six trigonometric ratios (abbreviat N ase and sijde BC i
{7 oht an ated t-ratios) are gef; is called
1 peif € defined as fo]]gue.
_ height _ BC ows:
] sin A= hypotenuse  AC
base AB
(if) €08 A = hypotenuse  AC
height _ BC

(i) tan A = Tpase  AB

base AB
(i) cot A = height BC

hypotenuse ~ AC

HEIGHT

(v) sec A = base AB
_ hypotenuse  AC A BASE B
(vi) cosec A = height ~ BC ' ’
Remarks

1. Trigonometric ratios of an acute angle in a right a ’ i
. : ngled t
relationship between the angle and the lengths if its sigd(:es. e
2. In a right angled triangle ABC, all trigonometric ratios of
positive real numbers. = S atacticangle sl
3. For convenience, we write sin? A, sin® A in Place of (sin A)? (sin A)® etc
respectively. ’ %
4. Inright triangle ABC right angled at Bi.e. /B = 90°,
if we consider £C in place of ZA then the position /]
of sides is changed (as shown in the adjoining / é‘
figure). We have: - ' S/
B

gle express the

I Reciprocal relations
Let ABC be a right triangle right angled at B i.e. £B = 90°, then we have

(i) sin A = BC = C c
i and cosec A — 1 ;

and cosec A = — .

= sin A=
cosec A

1
cosec

(li) Cos A = _A_B =
e and sec A

; 1
Thus, sin A = and cosec A = —.
sin A

AC Iy
AB f

1
1 and sec A = TS
sec A co . [
1 A
and sec A = .
cos A

= cos A =

Thus, cos A =

sec A
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_ BC _ AB
(it7) tan A = = and cot A =
1 L
— - and cot A= ———.
— ) cot A tan A
1 1
= A= .
Thus, tan A = i and cot s

From the above results, it follows that

(i) sin A cosec A =1 (if) cos A sec A=1 (iii) tan A cot A = 1.

3 Quotient relations
Let ABC be a right triangle right angle at B i.e. ZB = 90°, then we have:

BC
C

; _ BC_AC _sinA
@ Eas AB AB  cosA
AC
Thus, tan A = S A .
cosA
AB
; AB _AC _cosA
i) cot A= —=~45= .
(@) BC BC sinA
AC
Thus, cot A = C‘,’SA : A LB
sinA

18.2 TRIGONOMETRIC IDENTITIES

Now, we shall prove the basic trigonometric identities and use them further to prove
some more trigonometric identities. We shall also simplify some algebraic trigonometric

expressions by using these basic trigonometric identities.

18.2.1 Fundamental identities
1. sin? A + cos2A=1,0°< A <£90°
2. 1+tan? A =sec2 A, 0°<A<90°
3. 1+ cot? A =cosec? A, 0°<A<=<90°

Proof. Let ABC be a right angled triangle right angled at B i.e. £B = 90°. C
By Pythagoras Theorem, we have
BC? + AB? = AC? wakf)
Dividing each term of (i) by AC?, we get
2 2 2 2 2
ert ar= ez = G 2 52] =1 5 ;
= (sin A)?2 + (cos A)2 =1 ie. sin? A + cos® A = 1. ...(iD)

This equation is true for all values of A such that 0° < A < 90°.
Therefore, this is a trigonometric identity.
Dividing each term of (i) by AB?, we get
2 2 2 2 2
z; + AAEZ = 2‘832 ie. (%J 1 =(7':%J
= (tan A)? +1 = (sec A)?ie. 1+ tan® A = sec2 A

..
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“ “"“ 1an A .’"1(’ ned A are nol ll(\“l\(‘([ wl“nu A = ()(),-,
e ‘

. o ”,ﬂinl\ o

Th fore ‘,‘]nn(im\ (f11) s o trigonomeltrice identity,

aherC ’ ) .

ﬂ“'dinp each term of (1) by BC? we gt

pivieEe
5 2 -2 2 2

pcd A . AF;:, feo 1+ [M-') ..(AC)

NO (i) is true for all values of A such that o < A < 00"

— 4 I!C) e IS H(T
4+ (cot A)? = (cosec A) fe. 1 4 cot? A = cosec? A,

1
cot A and cosec A are not defined when A = 0° “c7)

that
yation (iv) I8 true for all values of A such that 0° < A < gpe

ation (fv) is o trigonometric Identity.

"
Nole
The eq
pherefore, €Y
Thus, We have proved that:
sin? A+ cos? A= 1,008 A <N -

14 tant A= sec? A, 0° s A < 90° ,.;('z)

1+ cot? A mcosec A, 0° < A 590 (i)

. (ii1)

o above results, it follows that:

From th
(1= sin? A mcos? A, 1= cos? A= sin® A
(i) sec? A = tan? A = 1, 8¢ A =1 =t A
(i) cosect A = colZ A w1, cosec? A =1 = coi? A,
,gemark
Using the above identities, we can express each trigonometric ratio in terms of other
[uigonomelric ratios e, If the value of any one of the trigonometric ratios is known, then

d the values of all other trigonometric ratios.

Illustrative Examples

pxample 1, If A s an acule angle and tan A = }?’2-, find all other trigonometric ratios of

the angle A (using trigonometric identities).

o]
solutlon, Given tan A = ";

we can fin

5,

|
tanA 12

\2)’ 2%4 144 169

- B —

sect Amltant Aeml 4 (\:{ TR

2 cot A=

S lr: (o sec A is +ve)
| i
D COBAB s w}
secA 13
‘ 129 12
sin A = % Ccos A= tan Acos A= R
1 13
P COBOC A B o 8 22,
5 BNA ) ;
5 3 a1
Hence, sin A = -:2 ,cos A= ,?\_‘ cot A » L sec A = 5 Co5ee A= =
A 1 .
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Example 2. Giv en A is an acute angle and 13 sin A = 5, evaluate 2%nA - = 2c0s A
mn/\

. s 5
Solution. Given 13 sin A = 5 = sin A = =

We know that cos? A = 1 - sin? A

1 5 2_1_ 25 _169-25 144
= e ("ﬁ TT19 19 169
12 :
- e as 1S ¢ h > 4
= cos A T (as A is an acute angle, cos A g +ve)

B e =0 Y~ 15
5 1249
5sinA -2cosA _ Sxﬁ_zxﬁ:ﬁ =112 12
tan A 5 5 135 ¢5°
12 5

cosec?0 — sec?p
—
cosec?0 + sec?9

Example 3. If tan 6 = J_ find the value of

Solution. Given tan 6 = % =cotb = 5 ( cotf=_1_
tang

2
Nowsec? 0 =1+ tan20 =1 + [LJ =1+1_6
J5

and cosec? @ =1+cot?0=1+(V52=1+5=¢

6
cosec®®-sec’0 _°75 30-6 24

cosec29+sec29_6+6 3046 36 3°
5

Example 4. Evaluate the following:
sin?63° + sin227°
c0s217° + cos?73°
Solution. (i) As sin 63° = sin (90° — 27°) = cos 27° and
cos 73° = cos (90° - 17°) = sin 17°,

(i1) sin 25° cos 65° + cos 25° sin 65°,

2 - 2 2 s 2
SIn®63° +sin“27° _ cos?27° +sin?27° 1 . o

= =g “osin® A + cos? A =1
c0s217° + cos273° c0s217° + sin217° 1 ( )
= 1.
(#7) sin 25° cos 65° + cos 25° sin 65°

= sin 25° cos (90° - 25°) + cos 25° sin (90° - 25°)

= sin 25° sin 25° + cos 25° cos 25°
= sin? 25° + cos? 25°
=1 (v sin? A+ cos?A=1)
Example 5. Without using trigonometrical tables, evaluate:
(i) sin® 28° + sin? 62° + tan2 38° — cof2 520 4+ Zsec2 30 (2017)

(#) cosec? 57° — tan2 33° + cos 44° cosec 46° ~ \/2 cos 45° — tan? 60° (2016)
Solution, (1) As sin? 62° = sin%(90° - 28°) = cos? 28° and
cot? 52° = cot}(90° — 38°) = tan? 38°,

Understanding ICSE Mathematics — X



1
in2 28° + sin? g2° 2
sin + tan? 3g8° _ cot? 570
—_ 2 (o]
+ 4sec 30

= sin? 28° + cos? 28° 4 tan? 3g0 _ tan2 3g° , 1 ( 2 )2
{3

=1+ ¥

(RPN

1
—x
4 (e Sm2A+COSZA: 1)
=1L

3

W[

(if) As cosec 57° = cosec (90° — 33°) =

= 8ec 33° and
cosec 46° = cosec (900 - 44°) = sec 44°

. cosec? 57° — tan? 33° 4 Cos 44°

co§ec 46° - 2 cos 45° - tan2 gQ°

2 o 2 o
= (sec® 33° — tan® 33°) + cos 44° ° 1
=1+1-1-3 ('-'SeCZA

-1 —tanzAzlandcosAsecA=1)

Example 6. Without using trigonometrica] tables evaluate:

2 [oh = _2_ o o
i) —cosec 58 3 cot 58° tan 32° — 3 tan 13° tan 37° tan 45° tan 53° tan 77°

[ @n20° ) (cot20° : s
'{9’ [cosec70°) Jr(sec 70°) + 2 tan 15° tan 45 tan 75°.

. - 2 o o] 0
Solution. (i) gcosec2 58° — gcot 58° tan 32° — %tan 13° tan 37° tan 45° tan 53° tan 77°

2 o 2 .
= Ecosec2 58° — 3 ot 58° tan (90° - 58°)

5
ok tan 13° tan 37°.1.tan (90° — 37°) tan (90° - 13°)

2
= Ec:osec2 58° — %cot 58° cot 58° —%tan 13° tan 37° cot 37° cot 13°
= %(cosec2 58° — cot? 58°) — % tan 13°,1.cot 13°
2 5
= 5.1—5.1 (" cosec® A-cot? A =1)
-2_5__4
3 3

o \2 02
(ii) ( fandy ) +(°°*2°) + 2 tan 15° tan 45° tan 75°

cosec 70° sec70°

2 3 2
Lo } + 2 tan 15°.1.tan (90° - 15°)
cosec (90° - 20°) sec (90° - 20°)

o\2 ] 2
= (tan20°)" [ _cot20° ) . 5 tan 15° cot 15°
sec 20° cosec 20°

2
. o 2
- (2 cosane) (_20_ smw] e
S

cos 20° in 20°
= sin? 20° + cos? 20° + 2 .
] (o sin® A + cos®* A = 1)
= 3.
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Example 7. Prove the following identities:
(1) (cosec A + cot A) (1 - cos A) = sin A
(i) sec A (1 - sin A) (sec A + tan A) =1,

Solution. (i) L.H.S. = (cosec A + cot A) (1 - cos A)
= ( ! +C°SA) (1 = cos A)

sinA  sinA

— [1+cosA _ _ 1-cos?A

( sin A ) (1-cosa)= ~ sinA
= sin? A

SinA (" 1-cos?A = sin? 4
=sin'A = RH.S.

(f) LH.S. = sec A (1 - sin A) (sec A + tah A)
( 1 J (1—sinA)( - +5“‘AJ

CosA cosA cosA

I

— (-sinA)(1+sinA) 1-sin?A _ cos’A
cos? A cos? A cos? A
1 =RHS.

Example 8. Prove the following identities:

('.' 1 - sin? A= cos? A)

sin® —2sin® 0
-  =tan 0 (2017)

2cos> 6 — cos 0
i) i 4
. 0-2sin*0
i) fsec2i 0 =i Se 0 SN B o]
(@) 2cos* 0 - cos? 0
Solution (z)‘LHS _ sin6-2sin0 _ sin@(1-2sin’0)
2c0s>0 - cos6 cosE)(Zcos2 0-1)
_ sinB(1-2(1-cos26)) _ sinB(2cos%6 - 1)
cose(2c0529 -1) cosG(ZcosZB -1

=tan 6 = RH.S.

. sin? @ — 2sin* @ 9 sin? 0 (1 — 2sin? 0)
H.S. = - —————— =sec’ 0 -
CINELEL: SeC2 0 2cos* 0 — cos? 6 cos?0(2cos? 6 -1)

sin? 0 (1 — 2(1 — cos? 6))
cos?20(2cos?28-1)

=sec? 0 -

in2 6 (2cos?0 - 1)
=sec? - 2
cos20(2cos?0 — 1)

= (1 + tan? 0) — tan? 6 = 1 = RH.S.

Example 9. Prove the following identities:
| 1 Ib s RPN (2002
(i) sinA+cosA+sinA—cosA 1-2 cos? A

'7‘.."'.”‘2“"* B 2 : J = 16 1
() (1 + tan A) + (1+ tan?A sin®A - sin*A

1 1
i o= +
Solution. (i) LH.S sinA+cosA sinA-cosA
_ (sinA-cosA)+(sinA+cosA) _ 2sin A
- sin? A - cos? A (1-cos? A) - cos® A

_ _2sinA _ppysg
1-2cos? A

m Understanding ICSE Mathematics — X
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- 1HS (1 +tan A) + Ll; m:: -\)

s

l

secc A+ (1+ cot? A) =sec A + cosec A

— 1 a 1 _Sin:Aﬂf-cos:‘.\_
os*A sin?A cos?Asin? A

e 1 1
(1-sin? A)sin? A sinfA-sin® A

0. Prove the following identities:

gaﬂP‘el
osA 2y _ : 1+ A
+tan A=sec A S COSTA
® TommA (i7) \T—csa = cosec A + cot A.
cos A
qasion. () LHS. = 757+ fan A
_ cosA Xl—sinA e
A T—smA i (Note this step)
_ cosA(l-sinA) cos A (1-sinA)
i + tan A = e + tan A
1-sinA 1 sin A
= + tanA= —-
cos A cosA CcosA e

sec A —tan A + tan A = sec A = RHS.

(i) LHS. = FcosA= 1+cosAx1+cosA
e Y1-cosA 1-cosA 1+cosA
_ ﬁ+cosA)Z _J6+COSA)2
V1-cos?A sin? A
_ lrcosA 1, c0SA _ o5ec A+ cot A=RHS.
sin A sinA sinA

Example 11. Prove the following identities:

@ SBA [1+csA 5 cosec A (2009, 04)
1+cosA sin A
() SosA_, _SnA _ gn A+ cos A (2015, 03)

1-tanA 1-cotA

. s ) A)Z
Solution. () LHS. = sinA  1+cosA _sin?A+(1+cos
(1) LELS: 1+cosA  sinA (1+ cos A)sin A

_ sin2A+1+2cosA+coszA_(sin2A+coszA)+1+2cosA
(1+ cos A)sin A (1 + cos A)sin A

1+1+2c0sA _ 2(1+ cos A)

(1+ cos A)sin A (1+cosA)sinA

= 2 _ -2cosecA= R.HS.

sin A
(i) LHS. = _SSA 4 sin A
1-tan A 1-cotA
)
_ cosA sinA_ _ cosZ A +fix_n__A___
- sin A 1 CosA cosA-sinA sin A = cos A
cos A sin A

i

l

|
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3 9 y o
(" A sin’ A ‘ lrln’ A =sin” A

ComA=pinf  comfy - sin A A -sinh

(corm A+ 4in Aj(con A - sin A)
cam A -sin A
= oln A4 cos A=RHS,

= Ccos A+ sin A

Example 12, Prove the following identities:
() tan' A 4 tan? A = et A - sec? A
2 2
iy SEAFUNTA-L oL 2
( ,) pln’ A tan” A,
Solution, (i) L.H.S. = tan® A + tan? A
= tan? A (tan? A + 1)
= (sec? A - 1) sec? A (" 1+ tan? A
= sec?
= gec A - sec? A= RHS. A
cos’ A+ tan? A~1 tan? A - (1 - cos? A)

(iiy  L.HL.S.

n

8inZ A sin? A
_ tan’ A-sin? A tan’A  sin?A
. k sin? A TEn?A sin? A
Retil _ sin?A 1 . 1 :
cos? A "sin A T costA

I = sec?A-1=tan? A =RHS.
Example 13, Prove the following identities:
(1) (sin 0 + cos 0) (tan O + cot 0) = sec O + cosec 0 (2014)

} (ii) %’&*’%‘3 =1+ sec0 (2016)

Solution. (i) L.H.S. = (sin 8 + cos 0) (tan 8 + cot 0)

sin® cos OJ
+

451 :
= (sin 8 + cos O (
i ( ) cosO sin0
sin? 0 + cos2 0
cos0sin 0
1 _ cosf +sin0

cos0sin0  cosOsin0

= (sin 0 + cos 0)

(sin 0 + cos 0) x

A _ _ cos0 sin0 _ 1 41
;‘.ﬁ‘) cos08in0 cos0s8in® sin® cos0
‘ * = cosec 0 + sec 6 = R.H.S.

sinOtan0 - sin0tan0 1+ cos0

i} ‘..t"r i .S =
“ (DLaLS 1-cos0 1-cos0 14cos0
“':f ~ $in0tan0(1+cos0) _ sinOtan06(1+ cos0)
‘ *? % 1-cos?0 sin? 0
1) . sin 0
it ’ _ fan0(1+cos0) EEQSOX(“"C"SO)
i ’36 sinf sin 0
.-g‘s _ 1+cos0 _ 1 +c050
IS cos)  cos0 cos0

=secO+1=14+sec0=R.H.S,

448 Understanding 1CSE Mathematics = X
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14. Prove the following :
w&-ze :,‘ _cos A) (tan A + cot A) = tan A sec A
o s])(s'me-l+c059)sec9cosec9=2,

::‘e,ab‘e

A x
- LHS =(_cecA-cosA) (tan A + cot A)
on- (1) L2
e (1 )( sinA cosA)
i = ——cosA +—
L cosA \cosA sinA,
1—cos?A sinfA+cos’A _sinfA 1
- —— T = S
cosA cosAsinA cosA cosAsinA
<inA sinA 1
= R —_— = tan —
A A ceA A sec A=RHS.
., LHS. = (6N g + cos 0 + 1) (sin ® — 1 + cos 6) sec 8 cosec 8

e AT
= (sine+cose+1)(sm9+cose—1) sec O cosec 6
= ((sin 6 + cos )2 — 12) sec 6 cosec 8

R
= (sin29+c0526 + 2 sin 8 cos 8 — 1) sec 6 cosec 6
=(1 + 2 sin 0 cos 8 — 1) sec 6 cosec 0

x—1- =2 =RHS.

cos® sin6

— 2 sin 0 cos 8 x

grzmple 15. Prove the following identities:
e 2 1-cosO
(i) (cosec 95cotd) 1+ cos®©

(ii) (sin A + cosec A) + (cos A + sec A =7 + tan® A + cot? A.

1 oy - 2 _ 2
(cosec 8 — cot 0)? = | — N (1 .cose) _ (1-cos®)
SRS sin® sin20

Il

Solution. (i) L.H.S.

_ (1 -cosg)2 - (l—cose)2 _ 1-cos® _ RHS.
1-cos?® (1+cosB)(1-cosb) 1+ cos©
(ii) LHS. = (sin A + cosec A)* + (cos A + sec A)?
= sin? A + cosec® A + 2 sin A cosec A + cos® A + sec? A + 2 cos A sec A
= (sin? A + cos? A) + (1 + cot? A) + 2 x 1+(1+tan?A) +2x1
=1+6+cot A+tan? A =7+ tan? A + cot? A =RHS.
EBample 16. Prove the following identities:
() sin 0 (1 + tan ) + cos 0 (1 + cot 6) = sec 6 + cosec O
(i) (1 + cot © - cosec 6) (1 + tan 0 + sec 6) = 2. (2018)
Solution, (i) LH.S, = sin 0 (1 + tan 6) + cos 0 (1 + cot 6)

=5in 0 (1+ Sing) + cos 0 (1+C°SO)

cos sin0

x i in0 0
NG (coso+sm0 i, prri ) (sm + Cos )
. cos0 sin 0

f i 0
= (cos 0 + sin 0) (————S'no +—-—-C(,)s )
cosO sin0

) . 2
= (cos 0 + sin 0) [3‘-"—21535—0) = (cos 0 + sin 0) (__1-—)

cos0sin0 cos 0sin 0

Trigonomettic Idendﬁcsm



(i) LS.

cos0

sin0

1

CC

(
(

s 0 sin O

1

cos 0sin 0 - sin 0 b cos 0

cosec 0 + sec 0 = R.H.S.

(1 + cot 0 - cosec 0) (1 + tan 0 + sec 0)

1+cos()_ 1 )(l+si110+ 1
sin0 sin0 cos0 cos0

sinO+cosO—1) cos0 +sin0 + 1
sin 0 cos 0

(sin 0 + cos 0)? — 1

sin 0 cos 0

sin? 0 + cos2 0 + 2sin B cos O — 1 _1+2sinBcos6 -1

sin@ cos 6 sin 0 cos 0
26l
o )
sin 6 cos O
Example 17. Prove the following identities:
tan A cot A
! =1+
&) Ty 1-tanA EAnZLhicot A
(i) = w58 1.
secO+tanB—-1 cosecO + cotB -1
sin A cos A
Solution. () LHS. = 204 | A _ cosA , sinA
l-cotA 1-tanA ;_cosA | sinA
sin A cos A
_ sin? A cos? A

sinZ A

1

1
sinA—cosA(

cos A X sin A

sin® A — cos® A

sin A — cosA

cos Asin A

+
cosA(sinA -cosA) sinA(cos A -sin A)

cos? A)

(sin A — cos A)(sin?A + sin A cos A + cos? A)

(sin A — cos A)sin A cos A

sin2 A + sin A cos A + cos? A

sin A cos A
_  sin?A L SinAcosA cos? A
sinAcosA sinAcosA sinAcos A
R T LIy
cos A A

(i) LH.S. =

sin®

cosO

1+ tan A + cot A = RH.S.

secO+tanB-1 cosecO+cotd-1

sin@® i cosf
1 sin0® _ 1 cos0 =1
cosO cosO sin®  sin0O

@ZEIEY Understanding ICSE Mathematics — X
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sin0 cos0 sin0 cos0
1+ sin0 —cos6 1+ cos0—-s8in0

1}

sin 0 cos 0 ( - . + 1
1+ (sin@-cos0) 1-(sin0-cos 0)

\!

= sin O cos 0. l‘(~°’i“0'2'coso)+1+(sino-coso)
12 — (sin0 - cos 0)?

2
1—(sin?0 + cos? 0 — 2sin0cos0)

— sin 6 cos 0 .

_ 2sinBcos® _ 2sinBcos0
= =1 = RHS.
1—(1-2sinBcos6) ~ 2sin0cos0

Je 18. Prove the following identities:

Examp
tan A + sec ALY

/
() snA-secA+l cosA
cosec A — cot A

1+sinA

sec A + tan A
secATE T =
(i) cosec A + cot A sec A — tan A

(jif) (cosec p — sin 0) (sec 6 — cos 0) (tan 6 + cot 6) = 1 (2019)
(o) (1 + cot A + tan A) (sin A — cos A) = seciAsith cosec ]
coseczA sec?A
. ) _ tan A +secA -1
solution. (7 LH.S. tan A —secA+1
tan A A ZA-
(tan A + sec ) — (sec® A tan? A) (v seczA—ta112A= 1)

B tan A —secA+1

_ (tan A + sec A) — (sec A + tan A)(sec A - tan A)

= tanA —secA+1

_ (tanA+secA) (1—secA+tanA)
tanA —secA+1
sin A 1

tan A + sec A= —+*
cosA cosA

I\

_sinA+l_ 1+sinA _ RHS.
cos A cos A
sec A + tan A

(i) LHS. =
cosec A + cot A
sec A + tan A v cosec A — cot A ¥ sec A - tan A
= ______————“— —————————————
cosecA + col A cosec A ~-cotA sec A -tan A
cosec A — cot A " (sec A + tan A) (sec A —tan A)
= TsecA-tanA (cosec A + cot A) (cosec A = cot A)
cosec A - cotA sec? A - tan? A
= TsecA-tanA cosect A - cot? A
& cosec A - - cot A _1_ - cosec A- ml 1\ ‘ - RHS
1 goc A = tan A

7 gec A - tanA
("{) LHS. = (cog“cc 0~ sin 0) (sec 0 - cos 0) (tan 0 + cot 0)

1 i o bll\0+£(?§__()]
[;;-';6—51110)( “;“, CO‘;())[ cos( sin0

1]

1-gin20 1-cos?0 ) o Hl_{f,i’”’. “’” 20

e A8
sin0 cos() cos0 aln ()
L costo aint0 1 «1=RHS

gin 0 s cos0sin0

Trinohomettic Mcmiti«sm



(m) LHS. = {1 « cot A + tan A) (sin A - cos A)

’ sin A ) -
=iy e ) (sin A - cos A)
sinA cosA)

sinAcosA+cos!A+sin? A .
= | S -—
inAcos A j (sin A - cos A)

/

(snA - cos A)(sin? A + cos? A + sin A cos A)

sin A cos A
_ sinA-cos’A
sin Acos A
1 1

A cosec A <
RHS. = S<n_ = COsA _ sinA
cosec’A  sec? A 1 1

sin?A  cos?A

sinfA o0s?A _ sin? A -cos? A
cosA  sinA cos Asin A

(1)

From (1) and (2), LHS. = RHS. @)
Example 19. Prove the following identities:
() tan? 8 + cot? 0 + 2 = se O cosec? §
(i) Vsec? 0+ cosec?® = tan 0 + cot 6, (2018)
Solution. (i) LHS. = tan? 0 + cot2 § + 2
= (1 + tan? 0) + (1 + cot? 0)
= sec? @ + cosec? @
=_1 ,_1 _sin?8+cos?e
05’0  sin’8  cos?OsinZ0
_ 1 1 1
cos?0sin20  cos?0 sinZ @
= sec? O cosec? § = R.H.S.
(i) LHS. = Jsecz 8 + cosec? 0
= J(1+ tan? 8) + (1 + cot? 8) = Vtan2 0 + cot2 0 + 2
= \/tan26+cot29+2tan6cot9 ( tan 0 cot 6 = 1)
= J(tan® + cot0)? = tan 0 + cot 0 = RHS.
Example 20. Prove the following identities:
() sin* 8 + cos* 0 =1 - 2 sin? § cos? O
(i TR 1 i1 1 :
cosecO—cot@ sin@ sin® cosecO + cotd
Solution. (i) LH.S. = sin® 6 + cos? = (sin? 0)? + (cos? 0)2
= (sin? 0 + cos? 0)2 — 2 . sin2? 0 cos? 0 (*+ a* + b% = (a + b)? - 2ab)

=12-25in20 cos?2 0 =1-2sin2 0 cos? 0 = RHS.

1 L 1 cosecO+cotd 1
cosecO~cotO sin® cosecO - cotd cosecO + cot® sin0

(i) L.HS.

cosecO 4 cot 6

= ———————— —cosecl)
cosec? () - cot2 ()
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"P’

P R+ 4

—
s

N &)
|
T
D
Ll

= =
o 6 — at®

= - o
- £ - o
_cosec B+ oot 9 —cosec @ =
- =
! .'
1€ = ——— -
[ 2 =& cmect 4 ot “tfq-

oS - oot
a6 — aot* 8

= co=B—

e 8- oot S

:M&—‘Um‘j—a‘teiza’te I
grom (1) and (2), LHS = RHS.
Mﬂ%’e&tbﬂagﬁgm_
N I-m’e,‘_{i—mefz
@ Tofe -3-%8 Zn 6
(ﬂéfﬁ&wf6+3g£9w§9=1
o anP S cwt® iy
@ "6 1-t=26 + sec 6 cosec 6.
1+ tan? O e 1
siztion- () 10070 _ %P6 _ol6
’ (1) 1'C0f16 Mz8~—T_
sin?6
10w a0
= v _ 5
wst6 1 -.ooseJ tan’ 6
, o [ao2mOY (2ol
Also (LﬂEJ s | et
(T-ate)  |joezf| | b=l
sin sin®
=(-5i“6"°°597 sin® )2_(—51“9)2
\ cos®  sinb-cosb cosf
= (~tan B)* = tan” 6.
= tan? 0.

1+tan?@ _ (1-mner
1+ cot? 6 1-cotB

(ii) LHS. = sin® 0 + cos® 0 + 3 sin? 6 cos? 0

— (sin? 0)? + (cos? )’ + 3 sin? 0 ¢
in? 0 cos? © (sin? ® + cos

= (sin? O + cos? 0 - 35

= (1y? - 3 sin? 0 cos” 8 (1) +
=1 - 3 sin? 0 cos? 0 + 3 sin

0s2 0
26)+3sin29<:0526

(= a3+b3=(a+b)3—3ab(a+b))

3 sin? 0 cos? ©
29 cos? 0 =1=RHS.

sind 050
(iii, L."{,S, = _P;ng-—.f_%.——z.sﬁﬂ—'"’——gm-g—é'
1-coth 1-tand 1_“750 et
- sinf cosd
cosz()

sin0
cos0(sin 0 - cos0)

H—M—_—-‘_ —— .
sin) = cos0 cos0 sin0

_ 1 (sinz(l _c0520]= 1

o sin”0
sin0(cos0 —sin 0)

sin3 0- cos> 0

L
sin0 - cos0 sin0cosO

Trigonometric Idcntiticsm
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—— = r!a
£l

A 2 2 .
2 (sin0 — cos0)(sin“ 0 +Cf)S 0+ sin0Ocos0) (v -1 = (@ - b) (@ \
(sin0 - cos0)sin0cos0 + b2 .

b))

1+sin0cos0 _ 1 +1
sin0cos0 sin0cos0

sec 0 cosec 0 + 1 = R.H.S.

Il

Example 22. Given that a + B = 90°, show that ,fcos o.cosecf} — coso.sinf = sin ¢

Solution. Given a + = 90° = B = 90° - a. "
‘..AI)

JcosacosecB—cososinB = ,fcos o cosec(90°— ) cos asin(90° - or) (using 0)
1

= JJeosaseca—cosocosa = V1-cos2 o (- €Os 0 sec ¢ =
= Vsin?a = sin a.

Example 23. If 2 sin2 § — cos? = 2, then find the value of 6.

Solution. Given 2 sin? 0 — cos2 6 = 2
= 2sin? 6 - (1 —sin? 0) = 2
= 3sin?8-1=2 = 3sin?20=3
= sin?260=1 = sin® =1 = @ = 90°.
Hence, the value of 0 is 90°.

Example 24. If 1 + sin? = 3 sin 6 cos 6, prove that tan 6 = 1 or %

Solution. Given 1 + sin? 8 = 3 sin 8 cos 6.
Dividing both sides by cos? 6, we get
1 sin%@ _ n SinBcosO
cos?0  cos?0 cos?
se?B +tan?0 =3 tan O = (1 + tan? Q) + tan? 6 = 3 tan O

—

= 2tan?0-3tanB+1=0=>2tan?20-2tanB—-tanO+1=0
= 2tanO(tan6-1)-1(tan6-1)=0

= (tan6-1)(2tan6-1)=0= tanO6-1=0o0r2tan6-1=0
= tan9=lortan6=%.

Example 25. ff asin O + b cos 0 = ¢, then prove that
acosO—-bsinB =+ \/a2+b2—c2.

Soiﬁﬁon. Given a sin 0 + b cos 0 = ¢ |
(a sin @ + b cos 0)? = c? (squaring both sides)
a2 sin?2 O + b2 cos? @ + 2 ab sin 0 cos 6 = c?

a2 (1 - cos? 0) + b2 (1 — sin? 6) + 2 ab sin 0 cos 6 = ¢

22 + b2 — (a? cos? 0 + b? sin? 0 — 2ab sin 0 cos 0) = ¢
azcosze+bzsinze—Zabsinecos0=az+bz—c2
(acosE)—bsin9)2=ﬂz+bz—c2

gcos O —bsinb=1% Ja2+b2-c2 .

R VN V| A
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mple 6. (i) 1f Sin 2 +8In" 0 = 1, prove that cos? § + cogt § = 1
p if tan? 0 + tan” 0 = 1, prove that cos* 0 + cos2 BN :

olulion'

ixd
() Given sin 0 +sin? 0= 1 = sin 0 = 1 - gin2 g
sin 0 = cos? 0 = sin? 0 = cos? 0
- cos? 0 = cos* 0= cos2 0 + cos' 0 = 1

.~ Given tan® 6 + tan?0 =1 = tan2 0 (tan2 0 + 1) =
(if) =1

24— 1
+tan? 0= —— = sec? O = cot2
- 1 2o ec* 0 = cot? 9
2
1 cos“ 0 .
N e 7 :>Sln26:(:0549

c0s2® sin”®

_, 1-cos?®=cos*® = cos'®+cos?9=1

Example27,(01fcose+sme= V2 cos 8, show that cos 6 - sin 6 = 3 sin §
(it)Ifsin9+2cos6=1,provethatcose—2sing=2_ -

olution. () Given cos 8 +sin 8 = V2 cos ® = sin 6 = (V2 - 1) cos 0

= 1 s 1 \/2+1 :
— 0s0=—=—sinB=——x < n _ (W2+1)sin®
V2-1 e S v e

— cos® =2 sin® +sin® = cos §-sinO =2 sin 6.
(i) Givensin® +2cos =1 = 2cos8=1-sin6

= 2cos 0 (1 +sin6) =(1-sin6) (1 +sin 6)
— 2cosB (1+sinB)=1-sin20
— 2cos 0 (1 + sin 8) = cos? 0
= 2 (1 + sin 8) = cos 0
— ¢cos 8 —2sin 0 =2
Ve’
Example 28. If tan 6 + sec 6 =1, then prove that sec 0 = %—1-
Solution. Given tan 0 + sec 6 = | | | ..QD
We know that sec? 8 —tan? 6 =1
= (sec © + tan 6) (sec 0 — tan 9 =1
= Il(sec®—-tan 6) =1 (using (1))
= secG-tanB:—ll- Q)

On adding (1) and (2), we get
LI |
2sec6=l+—ll- = sec0=l—i—'

g'ﬁ*imblé29.(i)lfx=acose+bsmeandy=ash\9—b0050lpf0ve that 22 + 2 = a* + %

[

ty\(u‘) 1f x = a cosec 8.+ b cot andy =acotO+ b cosec 0 = y, prove that -y =a- b
' (1)

Solution. (7) Given x = a cos 6 + b sin ©
and y=as'm9—bcose
On squaring (1) and (2) and then adding,. mz'e get 2
2+ y= a*(cos? 0 + sin? 0) + b?(sin* 0 + oS 0)
=a2.1+b2.1=a2+b2.

Trigonometric Idcntitiesm
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(i) Given x = a cosec 0 + b cot 0
and 1y =a cot0 + b cosec 0

On sque;ringz(l) aznd (2) and then subtracting, we get +(2)
x? — y? = a?(cosec? O — cot? 0) + bZ(cot? © — cosec? 0)
=a2.1+b%(-1)=a?-1.
Example 30. If sin 0 + cos 0 = p and sec 0 + cosec 0 = g, then prove that q (p2-1) =2
S . " - - 7 p'
olution. Given sin 08 + cos 0 = p ...()) and sec © + cosec 6 =g
1 ., 1 _,_, sinO+cos® (i
cos@ sin6 q i =1
sinBcos6
B e
sinBcos® 1 (usin,
- g 1
= sinBcosO=2L i
q (171
On squaring (i), we get )
(sin O + cos 0)2 =p? = (sin? O + cos? 6) + 2 sin O cos 6 = p°
(using (i)

= 1+2§=pz

2
= §=P2—1$2p=q(p2_1).

Example 31-Iftan9+Sin9=mandtan9—sin6=n, thenprovethatmz—n2=4\/'n7,]_

Solution. Given tan 6 + sin 9 =mand tan 8 —sin 6 =n

m-n

m+n and sin 6 = >

= tan 0 =

2
m-n

2
2
m+n

and cosec 6 =

= cotO=

Now using cosec? 8 — cot? 6 =1, we get

2 ¥ 2 ¥
B (=)
= A4[m + n)? — (m - n)?] = (m - n)? (m + n)?
1= 4x4mn=(m2—n2)2=>m2—n2=4W.

Exercise 18
ic ratios of angle A

dsin A= -::’;, find all other trigonometr

1. If A is an acute angle an

(using trigonometric identities).
2. If A is an acute angle and sec A = —157, find all other trigonometric ratios of angle A

(using trigonometric identities).
2sin0 — 3cos0

value of .
e 1 45in0 —9cos0

3. If 12 cosec 9 =13, find t

‘Hint . 5

e 5 ,13 5
P J s 0 2 £5 = At - R
;:COfe—-«,/cosec -1 (12) 1 7

| SO
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ing trigonometric tables, evaluate the following (4 to 7).

it g 296° + cos 64° sin 26° 4 12n36°
(7) cos” 26° cot54° (2012)

L]

sec17”  tan68" 62 440 4 cos? 46°
(i) osec7d | cot22’ (2009)

sin65° | 0532° _ o 580 e 62° o
(i) 20’5?5-: * sin 58° + cosec” 30 (2015)

(i) _,Seiz_g_— + 2 cot 8° cot 17° cot 45° cot 73° cot 82° — 3(sin? 3g°

cosec 61° + sin? 52°),

sin 35° cos 55° + cos 35° sin 55°
U] cosec? 10° - tan? 80° (2010)

(i) sin? 34° + sin? 56° + 2 tan 18° tan 72° — co2 30° (2014)

2 2

tan 25° t25°

(0 [ osefzsj +(::c 55") * 2 tan 18° tan 45° tan 72°
Cl

(ii) (cos? 25° + cos? 65°) + cosec 0 sec (90° - 6) - cot § tan (90° - 9),

Prove the following (8 to 26) identities, where the angles involved are acute angles for which
the trigonometric ratios as defined:

(i) (sec A + tan A) (1 - sin A) = cos A

(i) (1 + tan? A) (1 - sin A) (1 + sin A) = 1.
(i) tan A + cot A = sec A cosec A

() (1 -cos A) (1 + sec A) = tan A sin A.

2
— cos? A = cot? A cos? i fan Bie
(i) cot® A - cos cot? A cos? A (i) 1+ Tisecx = SecA
> ,
(i1d) 1+s:;A ISHZOSAA (1v) l—l:oI:A = cosec A + cot A.
sinA  1-cosA 1-tan? A - 2

0 l+cosA  sinA @) cot? A-1 Bnes
(1id) ToeosA = COsec A-cot A (2008)

secA-1 1-cosA _1+cos@
= 7 2012
® secA+1 1+cosA ) (li) 9 1)2 1-cos6 ( )

(i) (1 +tan A)2 + (1 - tan A)? = 2 sec? A (2005)
(iv) se® A + cosec? A = sec? A cosec? A.

tan A tan A

1+sin A cos A : 2
1) a2t A = i + = 2 cosecA.
0 cos A +1+sinA dsech () secA-1 secA+1
cosec 2
(¥ A toosec A =2 sec? A (if) cot A-tan A = 2eds a1
cosecA -1 cosecA+1 sin Acos A

(ltf) CotA -1 3 cot A )
2-sec’A  1+tanA

cosd  sin?0
1-tan0 c¢os0-sin0

(1) tan? @ — sin2 @ = tan? @ sin? 0 (1) = cos 0 + sin 0.

Trigonometric Identities
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16. (N cosec? 0 = cosect 0 = cot* 0 + cot? 0

~— —v a9 2,
|y
-

(i) 2 sec® 0 - sec! 0 = 2 cosec? 0 + cosect 0 = cott ¢ tant o,

1+ cos0=sin“0

‘ - iy tanp -
B e O rsavesy - O W a0t =04 g

e rae ‘ (o
19. () \];—j:% = tan A + sec A (if) H:\Z:;\\ = cosec A _ o, /\. B
2 0 ERES creen @ maan

l-sina_ 1+ Cosec A,

1+tanA  1+cotA
. ! s =
21. () SR — 2 (sec A + cosec A)

(i) sec“A——tan4A=1+2tan2A.

22.  (9) cosec® A-cots A =3 cot® A cosec? A + 1
(i) secGA—tan5A=1+3tan2A+3tan4A.

23, () oot6+cosec9-1=1+cose
cotB — cosecH + 1 sin @

. sin @
() —=°% _
cot8 + cosec o
24. () (sin 8 + cos 8) (sec 8 + cosec 6) = 2 + sec 6 cosec §
(#) (cosec A - sin A) (sec A - cos A) sec? A = tan A.

24 sin @
cotf - cosecq

(201
25. (i) sin3A+cos3A+sin3A—cos3A

SiNnA+cosA  sinA-cosA 2
; tanZ A cot? A
11 =1.
(&) 1+tan? A 1+ cot2A
2. (i) L 1 L L

sec A + tan A _cosA = cosA—secA—tanA

(i) (sin A + sec A)? + (cos A + cosec A)? = (1 + sec A cosec A)?
(iii) tanA+sinA=secA+1
tanA -sinA  secA-1"

27. If sin 0 + cos 0 = 2 sin (90° - 6), show that cot 6 = 2 + 1.

28. If 7 sin? 8 + 3 cos2 0 = 4, 0° < 0 <90°, then find the value of 6.

29. If sec @ + tan 0 = m and sec'(;)-tan9='n, prove that mn = 1.
30.Ifx=asec9+btan9andy=atan9+bsec9,provethatx2-y2=f12-b2-
31.Ifx=h+acoseandy=k+asin9,provethat(x—h)2+Q/—k)2=ﬂz-

Multiple Choice Questions .

Choose the correct answer from the given four options (1 to 10):

S
1. cot? 0~ S7p 1S equal to
@ 1 ®) -1 (c) sin? 6 (d) sec* @
2. (sec? 8- 1) (1 ~ cosec? @) is equal to
() -1 1 (© 0 (d) 2
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..‘u\l“ {a \\\\\i\\ W

A
R S\ 0

\ \ \(\1b
\-!‘ y iy’ \ M 2 con® (0) win® 0 (W cow 0
W G O b (s l\“n\\\ 0 s oqual 1o
\ N 0 y
¢ (@ ; \ (©) | (il) 2
At A) (1= sl A) s equal to
W ;
v (@) 8¢ A () aln A () conee A (i) con A
‘.l.\\\: A is \‘q\h\l Lo
& \" \\‘r A
\‘” s\\‘: A (l') =] (t‘) C()l"“ A (([) tan? A
fsec 0= tan 0 = &, then the value of sec 0+ tan 0 fs
s 1 .
DR 1~k () 1k () 1
g lf0isan acute angle of a right triangle, then the value of
) sin 0 cos (90° - 0) + cos 0 sin (90° - 0) is
@ 0 (b) 2 sin 0 cos 0 () 1 (d) 2 sin? 0
. The value of cos 65° sin 25° + sin 65° cos 25° is
(@) 0 1 (©) 2 (d) 4
0. The value of 3 tan? 26° — 3 cosec? 64° is
@0 (b) 3 (c) -3 (d) -1
7 Trigonometric ratios
In a right triangle ABC, right angled at B,
smAz.B_(:_,cosA=é_E,th=P£_,
AC AC AB
AB AC AC
t A = — = — = e—
o Bc,secA AB,cosecA o
3 Reciprocal relations
cosec A = = __1__ = —_—
! sec A = cot A -y
9 Quotient relations h
tan A = sinA ot A= cosA
o cosA’ ~ sinA’

between the angle and the sides of the triangle.
Trigonometric ratios of some speéific angles

reference:

The trigonometric ratios of an acute angle in a right triangle express the relationship

Trigonometric ratios of 0°, 30°, 45°, 60° and 90° are given in the following table for ready

30°

Trigonometric ldcntiticsm



2 A 0 :% 1 3 not defineqd
m.- ;.M ot defined V3 1 % : 0
_ — y | mvooiemm
o A | B V2 2 not defineg
cosec A not defined 2 42 ? ‘]*'

J AsAincmesfmmO”to%‘,ﬁmeva]ueofsinAinaeaseswhermthevalueofc%A
decrezses.

J tzn A and sec A 2re not defined when A = 90%; cot A and cosec A are not defined when

A =0 ‘

7 Trigonometric ratios of complementary angles
sn (9F — A) = cos A, cos (90° — A) = sin A,
tzn (9 - A) = cot A, cot (90° — A) = tan A,
sec (90° — A) = cosec A, cosec (90°- A) = sec A.
S T tric identiti
" An eguation involving trigonometric ratios of an angle(s) is called a trigonometric
identity if 3t is true for all values of the angle(s) involved.
D Some basic trigonometric identities are
si? A+cosfA=1, 0° < A<90°%
1+tan? A=se? A, 0° < A < 90° and
1+ cof? A=cosec? A, 0° < A<90°

O Using the basic trigonometric identities, we can express each trigonometric ratio in terms
of the other trigonometric ratios i.e. if the value of any one of the trigonometric ratios
is known, then we can find the values of all other trigonometric ratios.

Bl .. Chapter Test

r (i) ¥ B is an acute angle and cosec § = /5, find the value of cot 0 — cos 6.

e
-

(i) If 0 is an acute angle and tan 6 = %, find the value of sec 0 + cosec 6.
2. Evaluate the following

(2 y 2y o
con Z7 2o 70| _ tan 457 + tan 13° tan 23° tan 30° tan 67° tan 77°

(i) 2 . . ,
) { .u'n‘ZS”oyin‘ﬁS"}”

sin? 227 + sin’ 64*
an? 22° + n’ 65°

(ii) + sin? 63° + cos 63° sin 27°

3, If ;;4- (sec? 59 - cot? 317) - % sin 90° + 3 tan? 56° tan? 34° = %' then find the value of *

m Understanding 1CSE, Mathematics — X



. . : ties, whey.
he trigonometric ratios are defineq. e the angles involved gy, acut
v iy
cosA | _CosA gles for which
s (1 1-sinA 1+sinA 2 secA (if) Cos A

Cosec A + 1

) 4+ __C0sA
. (cos8 =sinB)(1 + tan @) cosecA -7 = 2 tanA

(i 2cos?6 -1 = sec 0.

(i) sin® 0 + cos* 0 = cos? @ + sind g
, cotO cosecO + 1
(i) cosec8+1+ cot

(i) sec* A(1 —sin A) -2 tan2 A = 1

- 1 1
+ —
(i) sinA+cosA+1 sinA+cosA -1 "secA'FCOsecA_

5.

= 2 sec 9.

Hint

i) sec* A (1 - sin* A) = sect A ~ tanf A

= (sec? A + tan? A) (sec? A — tan2 A)
= ((1 + tan? A) + tan2 A) . 1

=1+ 2'tan? A,

sin>0 + cos> 0 . ‘
7. ) GinB+cos0 + sin 6 cos 6 =1 (i) (sec A—tan A)? (1 +sin A) =1 —sin A.

8 (i) cosA _ sinZ A
’ 1-tanA cosA -sinA
(i) (sec A — cosec A) (1 + tan A + cot A) = tan A sec A - cot A cosec A

= sin A + cos A

tan? cosec? 0 _ 1
tan20 -1 sec20— cosec2® sin0-cos’0

)

2
5inA +cosA sinA-cosA _ 1 2 _ 2sec”A

i = = T 2
SiNA - cosA « sinA +cosA  sin?A-cos’A 1-2cos"A tan?A -1

10. 2(sin @ + cos® B) — 3(sin? 0 + cos? 0) +1=0

1L If cot § + cos @ = m and cot 0 — cos 0 =7 the.n prove

12. When 0° < @ < 90°,, solve the following equatu))n;: Y
: (ii cos 0 =

() 2 cos? 0 + sin®-2=0 ; L g enclg 21

(ifi) sec2 @ -2 tan 8 = 0 (iv) tan? 0 = 3 (seC )

that (m2 - n»)? = 16 mn.

prove the following (4 to 10) ident; T | *‘

e




